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Abstract

We present improved running time and iteration complexities of
interior point methods for linear programs parametrized by the
straight line complexity, i.e., the minimum number of segments of
any piecewise linear curve traversing a particular neighborhood
of the central path. While the standard measure of progress is the
reduction in duality gap, the straight line complexity provides a
stronger instance-wise bound, reflecting the combinatorial struc-
ture of the problem.

Our first main result focuses on interior point methods that stay
in the £-neighborhood. We give a much stronger analysis of the
trust region interior point method introduced by Lan, Monteiro
and Tsuchiya (SIAM J. Optim. 2009), proving that it is approxi-
mately instance optimal in this neighborhood. Namely, we show
that the iteration complexity of this algorithm is a constant factor of
the straight line complexity of the £,-neighborhood. Further, each
iteration can be implemented in current matrix multiplication time.

Our second main result is a wide-neighborhood interior point
method whose running time is the wide-neighborhood straight line
complexity times current matrix multiplication time, improving
in essence a factor n over the algorithm by Allamigeon, Dadush,
Loho, Natura, and Végh (SIAM J. Comput. 2025). The algorithm can
be seen as a boosted version of the robust interior point methods
of Cohen, Lee and Song (JACM 2021) and van den Brand (SODA
2020) that can reduce the gap by a polynomial factor in current
matrix multiplication time: our algorithm is also able to traverse any
sufficiently straight segment of the central path in current matrix
multiplication time, independently of the length of the segment.

A main ingredient in both methods is to solve trust region prob-
lems with ¢ and f,,-constraints, respectively. We develop fast and
strongly polynomial algorithms for solving them to high accuracy.
In the #;-setting, this answers an open question by Lan, Monteiro
and Tsuchiya.
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1 Introduction

Linear programming (LP) is one of the most fundamental problems
in optimization and computer science, and the pursuit of efficient
LP algorithms has been a major driving force in these disciplines.
We write the problem in the standard primal-dual formulation
max (b, y)

ATy+s=c (LP)

min (c, x)

Ax=b

where the input i & Rm with rk(A) 20y < n,b € R™
and ¢ € R". We refer to these as primal and dual programs, re-
spectively, and we let # == {x € R": Ax = b, x > 0} and
D ={s € R": Jyst. ATy +s = ¢,s > 0} denote the primal
and dual feasible regions. Interior point methods (IPMs), first intro-
duced by Karmarkar in 1984 [30], provide a rich family of LP algo-
rithms that are efficient in theory as well as in practice. A popular
class is formed by path-following IPMs, pioneered by Renegar [52],
Megiddo [39], Kojima, Mizuno and Yoshise [32], and Nesterov and
Nemirovski [48]. Primal-dual path following methods maintain a
pair of strictly feasible primal and dual solutions in every iteration;
the main work in each iteration corresponds to solving a linear
system of equations. The worst case complexity estimate shows
that the optimality gap is reduced by a constant factor in every
O(+/n) iterations.

The iterates are guided by the central path: for each value p > 0,
consider the system

AxP(p) =b, xP(p) >0,
ATyP(p) +sP(p) =c¢, sP(p) 20, (CP)
xP(p)is®P(u); =p forall i€ [n].
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This system arises from the optimality characterization of the log-
arithmic barrier function miny.ax=p (¢, x) — p Y,1—; log x;. It has a
unique solution (x°P(u), y°P (1), sP(u)), and we denote zP () =
(xP(p), sP (1)) and call it the central path point at p. The duality
gap of 2P (1) is (¢, xP (1)) — b,y (1) = (xP (), sP(p)) = np.
The points {zP () : u > 0} form a smooth algebraic curve in R?",
and for p | 0, it converges to a pair of primal and dual optimal
solutions (x*, s*) to (LP); for a proof see e.g. [39].

From a practical perspective, according to Gondzio [22], the im-
pressive features of IPM include ‘[...] their low-degree polynomial
worst-case complexity and an unrivalled ability to deliver optimal
solutions in an almost constant number of iterations which depends
very little, if at all, on the problem dimension.” According to the doc-
umentation of the solver MOSEK [47], the “interior-point optimizer
[...] tends to use between 20 and 100 iterations, almost independently of
problem size”. For the efficient practical performance of the original
Karmarkar’s algorithm, we refer to [31, 51].

From a theoretical perspective, as a culmination of a long line
of research (see Section 1.2), Cohen, Lee, and Song [9] gave a
randomized LP algorithm in current matrix multiplication time,
by amortizing the work of computing subsequent iterates. Let
us use w to denote the matrix multiplication exponent, and «
the dual matrix multiplication exponent;! for brevity, we denote
@ = max {w, 2+ % 2.5 — %} For current best values w < 2.371552
and o > 0.321334 [67], we have & = w. Thus, given a pair of so-
lutions near the central path, the algorithm in [9] can reduce the
duality gap by a factor o in n°+°(1) log(p) running time. Subse-
quently, van den Brand [62] gave a deterministic algorithm with
the same guarantee, and [29] improved on the second term in the
definition of & in the randomized setting. We refer to these algo-
rithms as ‘robust IPM methods’; for an accessible tutorial, see [36].
For a rational input with bit-encoding length L, robust IPMs yield
n@+(M [ time algorithms for finding exact optimal primal and dual
solutions to (LP). These algorithms still use short steps, and the
O(+/n) iteration complexity to reduce the gap by a constant factor
remains the best known in the general setting.

However, for a particular instance, much fewer iterations may
suffice. As an example, consider the simple LP min (¢, x) s.t. (1, x) =

1, x > 0, where ¢; = £71(1 — "), i € [n] for a very small
e > 0. Here, the primal-dual central path comprises n largely
linear segments: letting x; = (¢',...,61,-;)/(n — i + %)

sii=c+é1, fori € {0,...,n— 1}, and (xp, sn) := (en, c), the ih
segment essentially interpolates from (x;_1, s;—1) to (x;, s;). Starting
from the near-central primal-dual solution (xo, $o), the algorithms
[9, 62] would require O(\n log(1/¢)) iterations and a total runtime
n®+°( Jog(1/¢) to reach the gap value e. Even at this point the
solution will be approximately (x1, s;), which is very far from the
primal-dual optimal solution (e, ¢). Further, while such IPMs con-
verge to an optimal solution, they do not reach an exact one and
require a final rounding step when high enough accuracy is reached
(in this example, less than ¢”), requiring O(n'? log(1/¢)) iterations
in total.

Hence, gap reduction may not be the only relevant progress
measure for IPMs. The focus of this paper is on IPMs that can

IThat is, any two n X n matrices can be multiplied in n@*°() time, and any n X n
and n X n® matrices can be multiplied in n2*°(1) time.
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achieve (near) instance optimal guarantees with much fewer steps
by detecting the combinatorial structure of the central path. In the
above example, such an IPM would find an exact optimal solution
in just O(n) iterations.

Central path neighborhoods. For z = (x,s) € P X D, we define
1(z) = (x,s) /n and refer to it as the normalized duality gap of z.
One can define neighborhoods of the central path based on the

vector =5~ — 1, called the centrality error. Throughout, xs € R”

(z)
denotes the Hadamard product of the two vectors and 1,, € R”" is the
all ones vector. For §§ € (0,1), two commonly used neighborhoods
are

Xs
- -1,

H(z 2 Sﬁ},
NP ={z=(6s) ePXD: xs=(1-Pu(z)1,} .

NZ(p) is called the £,-neighborhood and N~ () is called the wide
neighborhood. Note that N2(f) € N ~(f), but the latter neighbor-
hood can be significantly larger. We let Nz(ﬂ) = cl(N%(B)) and
N_oo(ﬁ) = cl(N™%(p)) denote the closure of the neighborhoods
that includes points z = (x,s) € P X D with u(z) =0, i.e., optimal
solutions. In general, by a neighborhood N we mean a subset of
P x D that contains the central path {zP(p) : p > 0}, and we let
N denote the closure of N.

The ¢,-neighborhood is very amenable to theoretical analysis.
Many classical IPMs, including the Primal-Dual Predictor-Corrector
Method by Mizuno, Todd and Ye [43], stay throughout in the ;-
neighborhood: each step corresponds to a linear segment inside this
neighborhood, while the robust IPMs [9, 62] use an intermediate
neighborhood that is contained in the wide neighborhood. The
wide neighborhood captures the trajectories generated by most
IPMs in the literature: it follows from [5] that the trajectories of
all algorithms based on a self-concordant barrier function lie in
N~%(1-1/(2v)), where v is the parameter of the barrier.

N2(B) = {zz(x,s) EPXD:

Straight-line complexity bounds. Allamigeon, Benchimol, Gaubert,
and Joswig [3] proposed a systematic way to lower bound the it-
eration complexity of IPMs. Consider an IPM where each step
corresponds to a line segment inside a central path neighborhood
N. Then, the following definition provides a natural lower bound
on the iteration complexity.

Definition (Straight Line Complexity). Given a central path neigh-
borhood NV and piy > 3 > 0,1et SLC(N, 1, po) denote the minimum
number of segments of any piecewise linear curve I : [0,1] — A
that satisfies (T'(0)) = po and p(T'(1)) = p.

Using this framework, they constructed a family of LPs in n
variables and O(n) constraints parametrized by a real parameter
t > 0, such that for any > 0, there exists an LP in the family and
t > 0with SLC(N (), 1, t) > 2"—1. This result was strengthened
by Allamigeon, Gaubert and Vandame [5], who provided a family of
combinatorial cubes (a.k.a. Klee—-Minty cubes) having 2n constraints
and n variables, achieving the same result.

Allamigeon, Dadush, Loho, Natura, and Végh [4] complemented
the straight line complexity lower bound by an algorithmic result.
They developed a subspace layered least square (SLLS) IPM that stays
in the £-neighborhood, while guaranteeing a number of iterations
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that matches the straight line complexity of the wide neighborhood
up to a polynomial factor.

THEOREM 1.1 ([4]). Let 0 € (0,1), f € (0,1/6], and pp > py = 0.
There exists a path following (SLLS) IPM that starting from any z €
N2(B) with i(z) < po, finds a solution z’ € Nz(ﬂ) withu(z") <
within O(n* B~ log(n/(B(1-0))) SLC(N = (0), i1, o)) iterations.
Every iteration corresponds to a line segment in N%(f), and can be
implemented in strongly polynomial time.

We emphasize that only the existence of the piecewise linear
curve is assumed and the algorithm does not have access to it. The
key insight is that a long straight segment in the central path neigh-
borhood enforces a certain ‘polarization’ of the corresponding part
of the central path; see Definition 2.6, and the algorithm exploits
this property. The IPM in [4] is the key component of the strongly
polynomial algorithm for LPs with two nonzeros per column in
[13]; see Section 1.2 for more background on ‘combinatorial’ IPMs
and their applications for strongly polynomial computability.

1.1 Our Contributions

Theorem 1.1 can be interpreted as a form of approximate instance
optimality in the context of path following. Instance optimality is
a very strong concept in beyond worst-case complexity, asserting
that an algorithm is (up to a constant factor) on any input better
than any other algorithm from a given class; see [54, Chapter 3],
and we mention some examples in Section 1.2. Given the straight
line complexity lower bound, one can define (approximate) instance
optimality of path following IPMs in a neighborhood as follows.

Definition 1.2. Let N be a neighborhood of the central path, and
fo > [y > 0 be given. A primal-dual IPM is f(n)-optimal in N if it
takes at most f(n) SLC(N, p1, o) many iterations to arrive from
any z € N with u(z) = pio to some z; € N with 1(z;) < py, and all
iterates and the line segments between consecutive iterates lie in
N.If f(n) = O(1) as a universal constant then we simply say that
the algorithm is near-optimal in N.

In these terms, the SLLS IPM in [4] is O (' log (n/(1 - 6)))-
optimal in N' = N~%°(0). In fact, the iterates stay in the narrower
N?(B)-neighborhood. We improve on this result in two directions,
by exhibiting two algorithms, the #-Trust Region IPM (TR2-IPM),
and the £, -Trust Region IPM (TRW-IPM).

The t,-Trust Region IPM. Our first main result shows that the
£,-Trust Region IPM, a natural and relatively simple method first
proposed by Lan, Monteiro, and Tsuchiya [33], is near-optimal
in the #,-neighborhood. This is the neighborhood used in many
classical IPMs, as well as by the SLLS IPM in [4]. The method uses
standard corrector (Ax¢, As¢) and affine scaling (Ax?, As?) steps
(see Section 2), along with trust region steps (Ax'}, As™®) that can
traverse long straight segments.

THEOREM 1.3. Forany f§ € (0,1/128], the algorithm TR2-IPM with
the parameter choice B = /82 is near-optimal in N*(f). Namely,
given any o > piy = 0 and a starting point zy € N?(f) with 1(z,) €
[1, o], the TR2-IPM algorithm finds a solution z; € Nz(ﬁ_) with
H(z1) < py in O (SLC(N? (,8_),/,11,/,10)) many iterations. All iterates

—2 -
and the line segments between consecutive iterates stay in N ().
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Further, every iteration of the algorithm can be implemented in de-
terministic strongly polynomial running time O(n®), or by an O(n®)
randomized algorithm.

Algorithm 1: TR2-IPM
Input :An instance of (LP) with constraint matrix
A € R™" rk(A) = m, and initial iterate
(x%,s%) e Px D, Be(0,1/12), uy > 0.
Output:(x,s) € Nz(ﬁ) satisfying f(x, s) < i
1 (x,5) « (x%,5);
2 while n(x,s) > yy do
s | while Hﬁ - 1”2 > 2 do
4 Compute corrector step (Ax€, As®) at (x,s) ;
5 (x,8) « (x+ AxS, s + As®);

6 Compute affine scaling step (Ax?, As?) at (x, s);

a a 2
7| f i ||2e || < 80 then
Ax? As?

s Belieln]: ;’_%}},Nh[n]\B;
9 y «— 126;
10 Compute (AxTR, AsTR) at (x, s) by solving

TRy(B,N.y) with § = &

TR TR

1 re (x+Ax ,ZS(HAS ) ,aTR - 1/(1_'_@);
12 | (xs) & (x+ aTRAXTR s 4+ aTRASTR);
13 else
14 a® — sup{a : (x + aAx?, s + aAs®) € N?(828)};
15 | (x5) « (x+a®Ax% s + a®As?);

16 return (x,s);

While the algorithm was already introduced in [33], they gave a
weaker convergence analysis, showing that the number of iterations
is bounded as poly(n, log y,) where y} is the optimized version
of the Dikin-Stuart-Todd condition number of A; see Section 1.2
for the context and motivation. Theorem 1.3 implies a stronger
version of this bound. Moreover, while [33] used trust region steps,
their algorithm for computing these steps was weakly polynomial.
Our work also resolves their open question on the existence of a
strongly polynomial trust region step.

Since each iteration of [4] stays inside N2(f) for f € (0,1/6], it
follows that the iteration complexity of TR2-IPM is asymptotically
at least as good as the SLLS IPM. In fact, [4] identifies the trust-
region direction as the ‘ideal’ movement direction along a polarized
segment. It develops the subspace LLS step as a ‘good enough’
approximation of trust region. The paper states the main reason for
not using the trust region step as the lack of a strongly polynomial
implementation, which we resolve in this paper.

The proof of the approximate instance optimality in Theorem 1.3
has two main ingredients. The first theorem asserts that the TR2-
IPM algorithm terminates in 4 SLC(N?(f), ju1, o) iterations, and
the iterates and line segments generated are guaranteed to stay in
a wider N'2(82f)-neighborhood.

THEOREM 1.4. Let f € (0,1/128] and piy > py = 0. Starting
from any point zg € N?(B) with i(z) € [p1, o], the TR2-IPM
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algorithm finds a solution z; € NZ (B) with fi(z1) < py in at most
4SLC(N2(B), p1, o) iterations, and all iterates and the line segments
between consecutive iterates stay in N*(82).

The second ingredient is the dependence of the straight line
complexity SLC(N2(B), u1, o) on the parameter . By definition,
it is monotonically decreasing in f. Our next theorem establishes
a stable property of £,-neighborhood in the sense that decreasing
the neighborhood parameter increases the straight line complexity
by O(1) times a constant power of the factor of decrease in f.
This shows that SLC(N?(/82), i1, o) is only a constant factor of
SLC(N?(B), i1, o), which gives the final iteration complexity of
TR2-IPM in Theorem 1.3. Whether wide neighborhood also admits
such a stability property remains an interesting open question.

THEOREM 1.5. There exists a universal constant C > 1 such that
forany0 < < f<1/128,and 0 < piy < po,
ﬁ_ C
SLCOV?(), o) < O - () SLCON B o).
The ts-Trust Region IPM. Our second main result gives a wide
neighborhood IPM that significantly improves the running time
bound in Theorem 1.1. We present an IPM whose running time is

bounded by the wide neighborhood straight line complexity times
the current matrix multiplication time.

THEOREM 1.6. For any 0 € [1/8,1), given ptg > p11 > 0 and a
starting point zo € N~°(0) with i(z0) € [, po], the algorithm
TRW-IPM finds a solution z; € N_W(G) with [i(z1) < p in ran-
domized running time n®*°(\) log (:15) SLC(N = (0), p11, o), or in
deterministic strongly polynomial running time

0] ((n3 + @+ Jog (Tle)) SLC(N™%(0), p1, o) | -

The algorithm makes calls to the deterministic Robust IPM by
van den Brand [62] as black-box, denoted by PATHFoLLOW (X, s, 0).
The new ingredient is the use of trust region step (Ax'R, AsTR)
which leads to the main improvement that TRW-IPM can traverse
in n®*°() time an arbitrarily long segment between y and p’ of the
central path assuming there exists a straight line segment in the
wide neighborhood, instead of n®*°() log (/') as guaranteed by
the robust IPM [62]. The running time of the SLLS IPM in [4] is
independent of log(y1/ '), but requires O(n'*) iterations, for a total
runtime of n®*+1-5+°(1)_ ‘While the short steps in this algorithm could
be replaced by a Robust IPM subroutine, it still requires n subspace
layered least square steps, each taking O(n®) deterministically or
n® by a randomized algorithm. Hence, Theorem 1.6 improves by a
factor n over [4].

We also note that the running time bound in Theorem 1.6 directly
improves on the bounds of the Robust IPM. In fact, by choosing
0 = 1 — 1/poly(n), the straight line complexity of any segment
between p and p’ with pu/p’ = poly(n) is O(1). This follows from
Lemma 2.2 which shows that any segment of multiplicative length
Y € [0, 1] can be traversed by a straight line in N™°(1 - y(1 - 6)).

While the above result gives the strong theoretical guarantee
that any straight segment of the wide neighborhood can be tra-
versed essentially in current matrix multiplication time, the un-
derlying Robust IPM used in each large iteration still performs

Dadush, Ma, Natura, and Végh

Algorithm 2: TRW-IPM

Input :An instance of (LP) with constraint matrix
A € R™" rk(A) = m, 0 € (0,1), an initial iterate
(x%,5%) € N=(0), and p1; > 0.
Output: (x,s) € N“”(e) satisfying p(x,s) <
1 (x,5) « (x5°);
-0

20 256n°

3 while n(x,s) > y; do

4 (x",s") « PatuForLow(x,s,0) ;

5 B<—{ie [n] :x) > “;ﬁ’)"xi},m— [n] \ B;
6 l<——(11;f3)3,u<—ﬁ,

7 Compute (Ax™®, As™®) at (x, s) by solving
TR (B, N, £,u) with § = 1207 .

AxTR ASTR
N B .
8 & «— max{ |1y + e , (11 + 5 H
[ee) (]

9 a™ — 1/(1+2¢);
10 if 7(x + a™RAxTR s + a™AsTR) < o7i(x, s) then

11 L (x,5) — (x + a™RAXTR s + aTRASTR);
12 else
13 L (x,s) « ParHFoLLOW(x, s, 0);

4 return (x,s);

=

O(¥/nlog(n/(1 - 0))) short steps. The computational cost of these
steps is amortized by using implicit updates and efficient data struc-
tures. In contrast, TR2-IPM directly bounds the number of iterations
of an IPM, and achieves essentially the best possible complexity in
the £;-neighborhood. The iteration complexity of TR2-IPM might
be more explanatory and consistent with the practical performance
of IPMs, which are known to take a very small number of iterations
[22, 47], each computed by solving a linear system.

Both TR2-IPM and TRW-IPM use strongly polynomial singular
value decomposition (SVD). The difference between the determinis-
tic and randomized running times arises from this: while [17] yields
a randomized O(n®) subroutine for SVD in strongly polynomial
time, it would require O(n*) deterministic running time. All other
steps and subroutines of TR2-IPM and TRW-IPM are deterministic.

Comparison to the Subspace Layered Least Squares IPM. We note
that [4] also includes a stronger, amortized version of Theorem 1.1.
A more fine-grained view on straight line complexity (SLC) is to
define a separate bound for each variable i. The SLC in Theorem 1.1
is between the largest coordinate-wise SLC and the sum of these
quantities. Theorem 1.4 in their paper shows that the number of
SLLS steps can be bounded by the sum of coordinate-wise SLCs.
Our bound in Theorem 1.6 can be shown to be at least as good as
this, and can be a factor n better if the SLC is closer to the maximum
coordinate-wise SLC.

Solving the Trust Region Problems. The key ingredient of both
TR2-IPM and TRW-IPM is to use trust region steps as long steps
which can traverse over arbitrary long segments of the central path.
Such steps are computed by solving an #,-trust region problem
(see TR2(B, N, y)) for TR2-IPM and an f»-trust region problem
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(see TRw (B, N, t,u)) for TRW-IPM. Both problems can be easily
transformed to the following form. Let B € R™*" with rk(B) = m,
b e R™and IU J = [n] be a partition of the index set:

min [|y;l2 min |y |le
lyrllz < 1, (TR-2) lyrlleo < 1, (TR-max)
By =0, By =0,

While the above two problems look similar, there are fundamen-
tal differences between them. Besides our IPM trust region steps,
they also arise in a broad range of other contexts; for example, as
the classical ridge regression model in statistics [26]. In the context
of optimization, solving trust region problems arises as direction
finding subroutines in trust region methods [11]. Compared to
£y-trust region, fo-trust region problems are less understood and
considered more challenging.

One cannot expect an exact optimal solution to (TR-2): the opti-
mal solution may not even be rational for rational input.? While
the optimal solution to (TR-max) is rational, solving it exactly in
strongly polynomial time can be shown to imply a strongly polyno-
mial LP algorithm. We define the notions of approximate solutions
as follows; this slightly differs in the two cases.

Definition 1.7. Let § € (0,1). We say that y € R” is a §-feasible
solution to (TR-2) if ||yr]| < 1+ & and By = b, and J-feasible solution
to (TR-max), if ||ys|lec <1+ d and By = b.

Let OPT; = OPTy(B,b, I, J) and OPTy = OPTy (B, b, 1, ]) de-
note the optimum values of (TR-2) and (TR-max), respectively. We
say that y € R" is a §-optimal solution to (TR-2) if it is -feasible and
satisfies ||yy|| < OPT,. We say that y € R" is a §-optimal solution
to (TR-max), if it is 5-feasible and satisfies ||ys|[le < (1 + §)OPTy.

The §-optimality in the #£,-setting is much stronger: we can
achieve OPT; at a slight violation of the trust region constraint;
whereas in the £ -setting, the objective value is also slightly subop-
timal. Getting the stronger guarantee of achieving OPT) by at most
¢ violation on I in strongly polynomial time would again imply
solving LP in strongly polynomial time, already in the case I = 0.
For TR2-IPM, setting § = 1/64 already suffices, while for TRW-IPM,
we need to set § = (1 — 0)*/(16n%).

Lan, Monteiro, and Tsuchiya [33] gave a weakly polynomial al-
gorithm for solving (TR-2) based on bisection scheme, and left it
as an open question to find a strongly polynomial algorithm, i.e.
where the number of arithmetic operations is poly(n). The strongly
polynomial solvability of (TR-2) was an important issue as the
goal in [33] was to develop an algorithm whose running time is
polynomial in n and the logarithm of condition number of A, but
independent of b and c. The affine scaling step as well as other
IPM step directions, including the layered least square steps in [64]
can be obtained by solving linear systems. We resolve this open
question in the affirmative.

THEOREM 1.8. For § € (0, 1), there exists an algorithm that finds
a §-optimal solution to (TR-2) or certifies infeasibility in strongly
polynomial time. The number of arithmetic operations is dominated
by O (logn + loglog (|I|/6)) many linear system solves of size m,

2E.g,letB = (1,1,1),b = (2),1={1,2},] = {3}.
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plus the time to get a O (2*") multiplicative approximation of the
eigenvalues of a positive semidefinite matrix of size at most n.

Further, the algorithm can be implemented in randomized running
time O (n‘:’(log n + loglog(|1|/5))) or in deterministic running time
O(nd+ n®(logn + loglog(|1]/6))).

Moreover, we give a strongly polynomial algorithm for approxi-
mately solving the significantly more challenging f.,-trust region
problem, so that every step taken in TRW-IPM can be computed in
current matrix multiplication time.

THEOREM 1.9. For§ € (0,1), there exists an algorithm that finds
a §-optimal solution to (TR-max) or certifies infeasibility in strongly
polynomial time. Further, the algorithm can be implemented in ran-
domized running time n®*°(\) log(1/5) or deterministic running time
n@+o 1og(1/8) + O(n?).

We refer to Section 4 for an overview of both algorithms and the
full version for their formal description.

1.2 Related Work

Several IPMs use barrier functions different from the logarithmic
barrier function. For example, a path-following IPM based on the
volumetric barrier function was introduced by Vaidya [61] for its
desirable iteration complexity, despite the higher operation cost per
iteration. Central path with weight modification was first used by
Madry [38] to solve unit capacity maximum flow and minimum cut
problems. Lee and Sidford [34, 35] designed a path-following IPM
based on Lewis weights that achieved both O(+/tk(A)L) iteration
complexity and O(1) linear system solves per iteration. All these
barrier functions belong to a large class called self-concordant
barrier functions, for which the notion of central path exists, and
so does a theoretical universal barrier function [48]. As mentioned
earlier, it follows from [5] that the trajectories of all algorithms
based on reasonable self-concordant barrier functions also lie in
N~=2(1 - 0) for 6 = 1/poly(n), and therefore the straight line
complexity bounds are applicable. On the other hand, it is currently
unknown whether any analogous trust region step for these barrier
functions exists.

Despite the empirical evidence suggesting that IPMs in very
large neighborhoods of the central path are much more efficient in
practice (see [10, 21, 28, 41, 42, 57]), already establishing theoretical
running time bounds for wide neighborhood IPMs that match with
those of #;-neighborhood IPMs has been regarded as a genuine
challenge; see [53]. Mizuno-Todd-Ye predictor corrector algorithm
in the wide neighborhood gives an O(nL) iteration bound [43].
Hung and Ye [27] reduced this iteration bound to O(nnT;lL) with
high-order correction. To further improve on this, Ai [1] gave a new
wide neighborhood IPM achieving O(y/nL) bound. Peng, Terlaky
and Zhao [50] also proposed an O(+/nlog(n)L) algorithm based
on self-regular functions. Later, Ai and Zhang [2] devised a wide
neighborhood IPM that allows large update with also an O(+/nL)
iteration bound. Following this long line of research, Theorem 1.6
in this paper can be seen as improving the theoretical running time
bound of wide neighborhood IPM closer towards its actual efficient
practical performance.

The SLLS IPM algorithm in [4] builds on a long line of work
on combinatorial interior point methods. In a seminal 1996 paper,
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Vavasis and Ye [64] addressed the problem that affine scaling is not
always aggressive enough to quickly traverse “long and straight”
segments of the central path. They introduced the layered least
squares (LLS) predictor step, which uses a combinatorial layering
procedure to compute the predictor direction. Unlike most IPMs,
this algorithm terminates with an exact optimal solution without
any additional rounding step. The total number of iterations can
be bounded by O(n*® log fa), where g4 is the Dikin-Stuart-Todd
condition number of the matrix. This result has remarkable impli-
cations in the context of strongly polynomial solvability of Linear
Programming. This fundamental open question asks for exactly
solving (LP) in poly(m, n) basic arithmetic operations. Tardos [58]
gave an algorithm with poly(n,log As) running time, assuming
A has integer entries and Ay is the largest sub-determinant. This
yields strongly polynomial algorithms for ‘combinatorial LPs’, such
as network flow or multi-commodity flow problems, or packing
and covering problems with small integer coefficients. The LLS IPM
strengthens Tardos’s result, since ya can be bounded by Ax; at the
same time, this is a purely geometric condition number that does
not require integrality and can be much smaller.

Improved LLS methods were given in [40, 44]. Monteiro and
Tsuchiya [45] majorized the iteration bound of Mizuno-Todd-Ye
predictor-corrector method by that of LLS IPMs. They show that
the number of affine scaling steps to reduce the duality gap by a con-
stant factor is asymptotically a f~!/2-factor of a certain Sonnevend
integral as § — 0, which is bounded by poly(n, log 74), where
Xn = inf {fap : D > 0 diagonal } i.e., the best achievable value of
XA under column scaling. However, in contrast to many standard
IPMs, the aforementioned LLS algorithms were not invariant under
rescaling the columns of A. Hence, the above works left the open
question of finding a scaling invariant LLS algorithm; the running
time dependence would thus improve to poly(n,log i} ). The Trust
Region IPM in the focus of our current work was introduced by
Lan, Monteiro, and Tsuchiya [33] to tackle this challenge. The Trust
Region IPM is scaling invariant, and they showed an O(n*? log f})
iteration bound. As mentioned above, the steps themselves were
not strongly polynomial. A scaling invariant LLS IPM method with
iteration bound O(n?* log(n) log i} ) was given by Dadush, Huib-
erts, Natura and Végh [12]; a key insight is to relate the condition
number ja to the circuit imbalance measure, which is the ratio
between the largest and smallest absolute value entries of minimal
linear dependencies in ker(A); see [19].

The SLLS IPM—and consequently TR2-IPM—subsumes the above
strongly polynomial results as it is approximately optimal with
respect to the straight-line complexity lower bound. It was the key
ingredient in the result by Dadush, Koh, Natura, Olver, and Végh
[13] that gave the first strongly polynomial algorithm for LPs with
two nonzero entries per column. The crux of the result is a strongly
polynomial bound on the straight line complexity of such LPs. The
TR2-IPM is also applicable to this problem and may ultimately lead
to simpler algorithms.

Before [3, 5], the behavior of IPM trajectories in the neighbor-
hood of Klee-Minty cubes has been studied in different contexts.
A lower bound Q(n'/?) has been established for the primal-dual
affine scaling IPM and its variants [59, 60]. Very recently, Vladu
[65] gave an IPM with a matching iteration bound O(n'/?) for a
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class of M-matrix-based quadratic programs. Deza, Nematollahi,
Peyghami and Terlaky [15], and Deza, Nematollahi and Terlaky [16]
proved further lower bounds for the number of iterations needed
to decrease the gap by a constant factor. In terms of the above
framework, an example of a Klee-Minty cube was given in [16] for

which SLC(N?(B), 1,2) = Q(/n/log’(n)).

The concept of instance optimality was first introduced by Fagin,
Lotem, and Naor [20] in the context of database aggregation. Other
examples include various sorting algorithms, see [54, Chapter 3]
and references within. A recent breakthrough by Haeupler, Hladik,
Rozhon, Tarjan, and Tétek [24] showed that Dijkstra’s algorithm
with an appropriate heap data structure is universally optimal,
i.e., optimal for graphs with a fixed topology. Subsequently, they
showed in [25] that bidirectional Dijkstra is instance optimal if
outputting the order of vertices by distances is required; see [18]
for a recent breakthrough without such a requirement. We note
that our notion of instance optimality is restricted to a particular
class of algorithms; on the other hand, we consider the very general
linear programming problem.

2 From Central Path Geometry to Trust Region

Affine Scaling and Corrector Directions. The search directions
commonly used in IPMs at z = (x, s) are obtained as the solution
(Ax, As) € ker(A) x Im(AT") to the following linear system for
some t € [0, 1]:

AAx =0 (1)
ATAy+As=0 2)
sAx + xAs = t(z)1 — xs (3)

t = 1is used for corrector steps, which gives the centrality direction
denoted as Az¢ = (Ax€, As®) throughout. t = 0 is used for predictor
steps, which gives the affine scaling direction denoted as Az* =
(Ax?, As?) throughout. The following proposition summarizes the
well-known properties of predictor and corrector steps.

Proposition 2.1. For f € (0,1), letz = (x,s) € N2(B).
(i) Let Az° be the centrality direction at z. Then i(z+ Az°) = 1u(z)

andz + Az € NZ(%).
(ii) Let o € [0, 1] and Az* be the affine scaling direction at z, then
1(z + aAz?) = (1 — a)fi(z). Moreover, if z + aAz® € N%(f),

then z + a’ Az* € N?(B) for any o’ € [0, a].

Straight line deviation. For any two points z,z; € P X D with
1i(z1) < fi(z), we use [z1, z] to denote the straight line between z;
and z in R?", i.e.,

[z,2] = {(1= Dz + Az : L e [0,1]} .

The wide neighborhood is big enough to contain [z, z] for any
z,z1 € N™(6). In particular, taking z and z; to be any subsequent
iterates in short step IPMs in e.g. [9, 43, 62], [z1,z] counts as 1

straight line complexity in N ™% (l - ﬁﬁ((Z;)) (1- 9))

Lemma 2.2. For6 € [0,1), letz = (x,s) € N™®(0) withp(z) = p
and z; = (x1,s1) € N™°(0) with i(z1) = vu where v € [0,1]. Then,
[z1,2] S NT®(1 —v(1-0)). If further z = 2P (u) and z1 = zP (1),
then [z1,z] S N1 -v).
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For points in the narrower #,-neighborhood, we first have the
following proximity result on the distance of both primal and dual
variables to the corresponding central path point.

Lemma 2.3 (Gonzaga [23]). For € (0,1), let z = (x,s) € N2(f)
with ji(z) = p. Then,

(x—x"l’(/l) s—sq’(y)) B

< . 4
— @

We further introduce the following measure on how much the
entire straight line [z;, z] deviates from the central path.

X N

Definition 2.4 (Straight line deviation). Given any two points
z=(x,8),z1 = (x1,81) € PxD with 1i(z) = pp and i(z1) = pi1 < plo,
we define the deviation of [z1, z] from the central path to be

llGer = x) (51 = 9)l
(VAo + vir)*

and we simply let k(p1, po) := k(2P (o), 2P (p11))-

k(z1,2) =

The following lemma confirms the geometric interpretation of
which states that [zy, z] stays close to the central path iff k(z;, z) is
small. Further, k(p1, o) is the maximum #-centrality error attained
by any point on [z (p1), 2P (po)].

Lemma 2.5. For 8 € (0,1), letz = (x,5),z1 = (x1,51) € N2(B)
with [i(z) = o and ji(z1) = 1 < -
(i) If [z1,2] € N?(B), then x(z1,2) < 2B.
(ii) Conversely, ifx(z1,z) < f, then [z1,z] € N%(f).
(iii) It holds that

wmw=mméému:@@ﬂﬂmmwm§.
H(x,5)

Polarization. Both of our algorithms can be understood through
the lens of polarization. This was formally introduced in [4], but
also used implicitly in previous work such as [33, 64]. We assume
the existence of a piecewise linear curve of T segments that stays
entirely in N~%(6). It could be taken as the curve attaining the
straight line complexity lower bound, or the trajectory generated by
any path following IPMs. Throughout, we focus on a single straight
line segment [z1,z] € N™%°(0) between z = (x,s) € N™(0) with
1(z) = po and z; = (x1,51) € N™°(0) with 1i(z1) = 1 < po. It was
shown in [4] that the existence of such a segment guarantees a
partition (B, N) of the variable set [n] such that fori € N, xiCp(,u)
scales down approximately linearly with p € [, pto], whereas for
i € B, xl.Cp () changes only in a bounded way; the duals sfp(/,l)
exhibit the analogous behavior with B and N swapped. This is
captured by the following definition.

Definition 2.6 (Central Path Polarization). For y € (0,1] and
0 < y1y < plo, we say that the central path is y-polarized on [y, o]
with partition (B, N) if for any p € [y, o],

yx;¥ (o) < x;P(p) < nx;F(ny) Vi€ B,
H P 0) < xP () < o xP VieN
N X; (PO) s X (#) = Yo X; (ﬂO) 1 .

We generalize this notion to any straight line with two endpoints
in the wide neighborhood of the central path.
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Definition 2.7 (Wide Neighborhood Polarization). For y € (0, 1]
and z = (x,s),z1 = (x1,81) € N™°(0) with u(z;) < u(z), we
say the straight line [z, z] is y-polarized if there exists a partition
BU N = [n] such that for all z(y) € [z, 7],

xi(p)=2y-x; VieB and s(p)=>y-s; VieN.
The following lemma asserts that if a straight line stays through-

—0)3
outin N~%(0), then it is (11632 -

polarized for some partition (B, N).

Lemma 2.8. For6 € [0,1), let z = (x,5),z1 = (x1,51) € N~°(0)
with [i(z1) < [(z). If the straight line [z1,z] € N~%°(0), then there
(1-0)3

: 6n3) -polarized

exists a partition BU N = [n] such that [z1,2] is
with partition (B,N).

2.1 Wide Neighborhood Trust Region Step

From here, we can model the polarization in N~ () by an £ -trust
region problem (TRw (B, N, £, u)). It follows from Lemma 2.8 that by
setting £ = (1 — 6)%/(16n®) and u = n/(1 — 0), the ‘ideal direction’
Az = (Ax'4, As'Y) = (x; — x, 5, — 5) is feasible to the problem.

ASB

13+ —
SB

AxN
Iy + —
XN

min min

e =5}

s.t,f1513+%Sul s.t.[1S1N+Aﬂ§u1
XB SN
ATAy+As=0
(TR« (B, N, t,u))
We define the trust region direction Az™® := (Ax™®, As™) to be
the optimal solution to the above problem. The primal trust region
step AxR is trying to decrease the coordinates in N by the maxi-
mum possible amount while only allowing a limited multiplicative
change in the coordinates in B. Since the ideal direction provides a
sufficiently good solution, with a suitable step length «™ € (0,1],
a trust region step reaches near the end of the current polarized
segment while staying in N~ (8’) for a larger ¢’ value.

AAx =0

Lemma 2.9. For 0 € (0,1], suppose there exist somez € N™%(6)

3
with i(z) = gy and zy € N™°(0) withu(z1) =y < (16;33) Lo such
that [z1,z] € N™°(0). Let Az™ = (Ax™®, As™R) be the trust region

direction at z. Then for ™ = —L- € [0, 1] where
00}

1+2¢
£ = max {

Bz + a™Az™) < 2205 1y and z + ™AL € N (1 - (1_0)5).

TR TR
Ax Asg

1N +

15 +

>

XN SB

oo

(1-0)* 72n4

In TRW-IPM, we use the subroutine PATHFoLLOW to decrease
the duality gap by a factor poly(n/(1 — 6)) in n®*°™) time by
implementing the deterministic Robust IPM. After each call to this
subroutine, we guess the partition (B, N), by observing the changes
in the variables x; and s; during ParHFoLLOW. If we are currently
on a long polarized segment, there is a simple way to guess the
polarized partition (B, N): B is formed by the variables where the
multiplicative change in x; is smaller than the change in s;; see
full version for the formal statement and its proof. We then use
a second subroutine (discussed in Section 4) to find (AxR, AsTR)
by approximately solving TRu (B, N, £, u) in n®+°(1) time. With the
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above step length ™R, a trust region step z+ ¢ RAz™R

to take us close to the end of this segment.

is guaranteed

2.2 f,-Polarization and Trust Region

If we now assume that the piecewise linear curve of T segments
stays inside the f;-neighborhood, then we can get stronger f-
bounds on the change of primal and dual variables on each segment.
To show the O(1) instance optimality of TR2-IPM, we need a more
refined analysis by separately considering whether each segment
is long or short.

Long straight line segment. We say [z1,z] € N?(p) is long if
11 < po/4. Let (Ax', Asid) == (x; — x, 51 — 5) be the ideal direction.
By Lemma 2.5, [z1,z] has a bounded deviation as k(z;,z) < 2f.
This together with the residual equation

A A
(1+—x)(1+—s):@zﬂ-1,,<1,,/4 ()
x s xs o

ensures the existence of a polarized partition BU N = [n] such that
by going from (x, s) to (x1, s1), the primal variables in N must scale
down massively in £,-norm while those in B barely change, and for
the dual variables the roles of B and N are swapped.

Lemma 2.10. For f € (0,1/128], suppose there exist some z €
NZ(B) with1i(2) = py and z; € N*(B) withTi(z1) = iy < po/4 such
that [z1,z] € N%(B). Then there exists a partition BU N = [n] such

that
()
Ax‘gi As}\‘}
max { |[— |, |—|| ¢ < 128(1 — /o), (6)
XB
(i1)
Ax]i\‘}

1y +

o

It follows from Lemma 2.10 (i) that (Ax™, As') is feasible to the
following #,-trust region problem (TR, (B, N, y)) with y = 128.

id
—_— |, 1 +—B
(1= pr/po)xn H P (= /po)ss

XN + Axn min 5+ Asg
XN SB
A
st 222 <y s8] <, (TRe(BN.p)
XB SN
AAx =0 ATAy+As=0

Let AzTR = (AxTR, AsTR) denote the optimal solution. By definition,
Ax™ achieves a maximal multiplicative decrease on the coordinates
in N under the condition that the coordinates in B change barely
with both measured in £,-norm. Since the multiplicative decrease
attained by (Ax', Asid) is large enough (Lemma 2.10 (ii)), a trust
region step at z is guaranteed to reach the end of the segment [z, z]
while staying in a larger N%(O(f8)) neighborhood. The threshold
at 1/4 was chosen to obtain a suitable constant in N2(O(f)).

Lemma 2.11. For f € (0,1/128], suppose there exist some z €
NZ(B) with1i(z) = po and z, € N?(B) withTi(z1) = py < po/4 such
that [z1,z] € N?(pB). Let Az™® be the trust region direction at z, then
there exists a step-length a™ € (0,1] so that i(z + a"™RAz™) < 1y
and z + aAz™® € N?(82p) foralla € [0,a™®].

} < 16fp/po -
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Short straight line segment. We say [z1,z] € N?(p) is short if
H1 > po/4. A standard affine scaling step z + aAz® reduces the
duality gap by exactly a factor of 1 — @. Zhao and Stoer [70] and
Zhao [69] proved that the number of affine scaling steps required
to traverse along a central path segment [y, jip] in N?(B) can
be upper bounded by a Sonnevend curvature integral [56] on the
interval [y, pto] up to a factor of O(1/ \/E) Furthermore, when the
curvature is uniformly lower bounded by a constant, they showed
that the number of steps is lower bounded by the same integral up
to a factor of O(\/B). Intuitively, this last result can be interpreted
as saying that affine scaling step is essentially optimal when only
short steps are possible to reduce duality gap while staying in
an f,-neighborhood, which is analogous to the setting that the
segment [z, z] € N?(f) is short. We derive an explicit bound in
the following lemma which asserts that an affine scaling step is
indeed optimal in N2(O(8)) to traverse any short segment [zy, z].

Lemma 2.12. For f € (0,1/128], suppose there exist some z €
NZ(B) with1i(z) = po and z; € N?(B) withi(z1) = g1 = po/4 such
that [z1,z] € N?(B). Let Az® be the affine scaling direction at z, then
there exists a step-length a® € [0, 1] so that j(z + a®Az?*) < py and
z+alhz® € N%(82p) foralla € [0,a?].

Let a* := 1— 1 /o be the ideal step length so that (z + a*Az?) =
1. The next result shows that the difference between a*Az* and
Az can be upper bounded by the deviation of [z, z]:

Lemma 2.13. For B € (0,1), letz = (x,s),2z1 = (x1,51) € N*(f)
with [i(z) = po and fi(z1) = 1 < po. Let a* :=1—p1/po € [O 1],
Az = (Ax?, As?) be the affine scaling direction at z, and AZ'¢ =
(Ax', AsiY) := (x; — x, 51 — s). Then,

AXY — a*Ax? A — aFAs? < 4K (z1,2) + 2Pp1/ po
| )|« eyt

The assumption that [z, 2] € N?(f) guarantees k(z;,z) < 2f
(Lemma 2.5). Then, z + a*Az* € N?(O(p)) follows from z + Az'd €
N?(O(B)) as two steps resemble each other by the above result,
and Lemma 2.12 follows for a suitable a® € [a*, 1]. We point out
that this approach does not work for long straight line segments,
because in that case there is no lower bound on y; in terms of .
As o becomes very close to 1, z + a*Az® resembles taking a full
affine scaling step, and hence z + a*Az?® would not stay in N?(Cf)
for a fixed constant C > 0.

>

X N

Overall, TR2-IPM is a predictor-corrector method that uses two
types of predictor steps. Starting from an iterate z € N2(f), the
algorithm first computes the affine scaling direction Az* at z. Then
it checks whether the maximal step length a® that z + a®Az® €
N?(O(B)) is at least a constant (the standard analysis in [43] yields
a® = Q(1/+/n)). If a® > 1/4, then the algorithm computes the trust
region direction Az™® at z along with a suitable step length o™
and implements a trust region step z + a ' *Az'R. Otherwise, the
algorithm takes an affine scaling step z + a®*Az®. In both cases, at
most 3 corrector steps are taken afterwards to move back to N2(f).
Then, Lemma 2.11 and Lemma 2.12 together imply the iteration
bound for TR2-IPM in Theorem 1.4.

The trust region steps are computed by solving TR,(B, N, y) (see
Section 4). This requires a partition (B, N), for which we use the
associated partition with B = {i € [n]: |Ax]/x;| < |As?/s;|}. If the
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affine scaling step length a® is sufficiently long, then the associated
partition (B, N) coincides with the true polarized partition; see the
full version for a formal statement and its proof.

A canonical and near optimal IPM. Path following IPMs in the
£-neighborhood are prevalent and core to the IPM family, see
e.g. [12, 43, 44, 64]. We now argue that TR2-IPM can be seen as
a canonical and near optimal algorithm for path following in the
£-neighborhood.

Consider two subsequent iterates generated by any path follow-
ing IPMs denoted by z,z* € N2(f) with gap values o = 1(z) >
p = f(z"), and the direction Az = z* — z. As shown in Section 2.2,
if [z*, 2] is long, ie., p1/up < 1/4, then Az is a feasible solution
to TRy(B, N,y) (Lemma 2.10), and a trust region step z + aTRAZTR
gives fi(z + a™RAz™R) < py and [z + a™AZ™R, 2] € N?(0O(B))
(Lemma 2.11). If [z%, z] is short, i.e., p1 /o > 1/4, then Az is close
to the affine scaling step with ideal step length at z (Lemma 2.13),
and an affine scaling step z + a®Az? gives fi(z + @*Az?) < py; and
[z + a®Az?, z] € N?(O(B)) (Lemma 2.12).

Hence, one could replace each step of an #;-path following IPM
by an affine scaling or trust region step to make at least the same
progress in optimality gap while staying in a wider N2(O(f))
neighborhood; one can then return to A’2(f) in at most 3 corrector
steps. Consequently, TR2-IPM makes the same progress as any
other #,-path following algorithm with at most a constant increase
in the number of corrector steps. It is also worth noting that the
primal affine scaling step coincides with the trust region step for
N = [n] and B = 0, and the analogue holds for the dual affine
scaling step with B and N swapped. Hence, both steps can be seen
as a trust region step that arises from (TR;(B, N, y)).

3 Path Complexity in £,-Neighborhood

We now outline the proof of Theorem 1.5. For any two points
z,z1 € N%(B) with 1i(z;) < J(z), the centrality error of points
on [z1, z] depends on the deviation k(z1, z) of the whole line. In
particular, when z;, z are both on the central path, it turns out that
the maximum #,-centrality error attained by any point on [z, z]
is exactly x(z1,z); see Lemma 2.5. Motivated by this result, we
introduce the following notion.

Definition 3.1. We let SLC(k, 1, i) denote the minimum number
of segments of any piecewise linear curve traversing from z°P ()
to z°P(pq) such that all the breakpoints are on the central path and
the deviation of each segment is at most the parameter .

SLC(x, i1, o) considers a subclass of piecewise linear curves
T:[0,1] — N?(B) with z(T(0)) = pp and f(T'(1)) = py, and so the
inequality SLC(N?(B), 1, fto) < SLC(, 11, t1o) holds by definition.
The reverse direction of the inequality also holds up to a constant
factor of the curvature parameter. This is a consequence of the
path stability of any straight line in the #-neighborhood, namely if
[21,20] € N?(), then mapping the endpoints to the central path
points, we have [z%P(Ji(z1)), 2P (1i(z0))] S N?(8pB); see the full
version for its formal proof. Knowing how to relate path complexity
to straight line complexity, it suffices to prove the following result
for Theorem 1.5.
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THEOREM 3.2. There exists a universal constant C > 0 such that
forany0 < fpy < B, <1/128 and 0 < iy < po,
_ B2\ —

SLC (B, 1, o) = O(1) - (/72) SLC (B2, 1, po) - ®

1

We focus on a single straight line segment [z (1), 2P ()] on
any piecewise linear curve with breakpoints on the central path
and consider differently when this segment is either long or short.
We outline the strategy in both cases and refer to the full version
for formal statements and proofs.

Short segments. The aforementioned relationship between the
Sonnevend integral of the central path and the number of iterations
of standard path-following methods as in [45, 69, 70] is related to
the statement in Theorem 3.2 when only short steps to p; > po/4
are possible. However, these results do not study precisely the
same notion of SLC as we do. Furthermore, the result by Monteiro
and Tsuchiya [45] only applies in the limit as § — 0, where they
showed that the number of iterations of standard affine scaling
algorithms converges to /2 times the curvature integral, which
thus suggests an exponent C = 1/2 for y; = Q(p). We show the
next result with a self-contained proof based on Lemma 2.3, then
the proof of Theorem 3.2 for short segments follows from /0
being lower bounded. This approach does not require the curvature
integral and holds for all small constants f.

Lemma 3.3. There exists a universal constant C; > 0 such that for
any0 <k <x <1/128 and0 < n <y,

SLC(%, 1, p) < 2 (1 + 1og(§)) (g)c‘ SLC(kmp).  (9)

Long segments. The analysis for long segments, i.e., 1 < po,
uses different techniques, as there is no upper bound on p/n in
Lemma 3.3. Intuitively, the analysis for short segments no longer
applies, because the denominator in k(p1, ¢t) becomes arbitrarily
small compared to p for p € (p1, o) with p < g, so the deviation
could increase rapidly along a segment. As discussed in Section 2.2,
long segments exhibit #,-polarization, namely the variables can be
partitioned into two sets B and N such that x(u)g/x(po)p ~ 15 and
x(WN/x(o)N =~ pt/po - 1n for p € (1, o), and the analogue holds
for s(u)/s(po) with B and N swapped. Therefore, for p € (1, y1o)
with g << po, (4, flo) can be approximated by the term
_ TGP () = xP (o)) (P (1) = 5P (o))

(VA + vA)*
( xP(u)p sP(p)n )

- 13, -1n

xP (o) B sP(po)N
As such, we must investigate how ||¢ (-, o) || evolves over [p, po].
Geometrically, we can consider the trajectory ¢(-, yto) € R". For
Ho, the corresponding vector is ¢ (o, o) = (0, 0n), i.e., the origin.
By the approximation above, for a fixed neighborhood width f, we
can traverse ¢ (-, yio) up to a parameter u for which ||¢(p, po)|| = p.
The goal is to show that for parameter 2f and its corresponding
value 57 such that ||¢(n, go)|| ~ 2, the distance between ¢ (1, p1y) and
@ (1, o) is smaller than the distance between ¢ (7, p1o) and the origin.
A priori, this is unclear, as for example ¢ (-, 119) may have sharp turns
and follow a spiral trajectory. However, we show in the full version
that this cannot happen and for well-separated j1; < p < pi the

K (s o)

= 116 o)l -
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approximate equality || (g1, po) 12 ~ 1§, ) 13+ (. o) 12. This
gives the following result, and the proof of Theorem 3.2 for long
segments follows from iteratively applying it.

Lemma 3.4. There exists a universal constant C, such that for any
0 <n <2714y withk < 1/128, we have

ﬁ(\/4/7x, n, /10) <G -ﬁ(lc, 1, Ho) - (10)

4 Solving the Trust Region Problems

We now discuss the algorithms for solving (TR-2) and (TR-max),
starting with some necessary tools.

Approximate Singular Value Decomposition. Approximating eigen-
values is of great interest and has been extensively studied in dif-
ferent communities. Various algorithms with different approaches,
computational models and notions of approximation were pro-
posed to tackle this problem, see e.g. [6-8, 49]. In particular, the
randomized algorithm in [7] achieves diagonalization of general
matrices with high probability in nearly matrix multiplication time.
For general non-Hermitian matrices, it is difficult to design a glob-
ally convergent and numerically stable algorithm to approximate
the eigenvalues and eigenvectors; see [14]. In contrast, fast and sta-
ble eigenvalue algorithms that globally converge are well-known
for Hermitian matrices (e.g. [66]) with further speed-up possible,
for example, O(n®) running time if only the largest eigenvalue is
needed [37].

Our trust region algorithms require a multiplicative approxi-
mation of the singular values in strongly polynomial time; the
requirements are captured by the following definition. This resem-
bles a spectral approximation with the additional requirement of
an orthogonal basis whose basis vectors correspond approximately
to singular vectors of A and whose basis vector norms correspond
approximately to the singular values of A.

Definition 4.1 (Partial SVD). Let A € R™*" with m < n. A matrix
U e R*AWX7 j5 called a partial o-SVD of A for some parameter
o > 1if U has orthogonal rows and for all x € R” we have that
o~ IUx|lz < [|Ax]l2 < ol|Ux]l2 -

In the following theorem, the randomized bound follows by Di-
akonikolas, Tzamos, and Kane [17], and the deterministic algorithm
is described in the full version.

THEOREM 4.2 (STRONGLY POLYNOMIAL PARTIAL SVD). There exists
an O(n® max{1, log(1/e)}) time deterministic strongly polynomial
algorithm and an O(n® max{1, log(1/¢)}) time randomized strongly
polynomial algorithm that, given m X n matrix A with m < n and
€ > 0, computes a partial (1 + ¢)-SVD U of A.

Fast Approximate LP solvers. Next, we leverage the deterministic
Robust IPM [63] to approximately solve LP with f,,-norm constraint.

Definition 4.3 (Approximate f-regression solver). An approx-
imate f,, regression solver is an algorithm that, given a matrix
B € R™" avector b € Im(B), and a parameter § > 0, either
(i) returns a vector y € R” with By = b and ||y|lcc < 1+ 6, or
(ii) returns a vector z € R™ with ||[BTz||; < (b, z), certifying
that no vector y with By = b and ||y||c < 1 exists.
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Note that the second outcome is a Farkas certificate. In par-
ticular, for any y with By = b, we have that (b,z) = y"BTz <
lyllolB 2ll11 < [lylleo (b, 2), showing [lylleo > 1.

THEOREM 4.4. There exists an approximate s -regression solver
satisfying Definition 4.3 that runs in time O (n‘:”"(l) log (%))

We give a brief sketch of the proof. We first compute the minimum-
norm point § = B'b. If ||§||, > v/n, we may conclude infeasibility
as this would imply that all feasible solutions have f,-norm greater
than 1, and find a Farkas certificate as in (ii). Otherwise, we can
use 7 to initialize the IPM for the following LP: min « s.t. By = b,
lyllo <14 a with & = O(n).

4.1 Solving the #;-Trust Region Problem

By Lagrangian duality, (TR-2) can be formulated as a parametric
search problem with parameter A. Let

y(A) = angH}?in (Ilys 11 + Alyrl?) and $(A) = llyr (DI (1)
Y=

We can first resolve the two extreme cases A = 0 and co which
give certificate of (in)feasibility by solving the related layered least
square problems, which can be done efficiently as shown in [40, 64].
Assuming feasibility, for the root /(1*) = 1, y(1*) is the optimal
solution to (TR-2). We also note that for A with 1 < /(1) < 1+ 6,
y(A) is a d-optimal solution to (TR-2). Hence, finding a §-optimal
solution to (TR-2) is equivalent to a root finding problem of /(1) —1
on R.g. One can find the right value of 1 using e.g., binary search.
However, the possible value range is a priori the entire Ry, though
one can obtain upper and lower bounds for A* using the binary
encoding length of a rational input (B, b). This is essentially the
weakly polynomial algorithm given in [33].

Our approach first uses a standard strategy in the literature, see
e.g. [11, 46], which is to use the eigenvalue decomposition of an
associated matrix to express i as a univariate analytic function:

Lemma 4.5. Let ¢y : R.g — R be defined as in (11), (yk),L]:I1 be
the eigenvalues of B (BBT)™'By, and f = % for p. > 0. Then
for somew € R™,

Brw?

p = Y ——Eo e 3wl
k:0<pp <1 I»lk(ﬁk + /1) k:ppe=0

In particular, { is strictly convex and strictly decreasing on Rq. For

anyO < ).1 < /12, A%lﬁ(ﬂ.l) < Aglﬁ(llz)

Then our algorithm follows a similar idea as the hybrid New-
ton’s method by Ye [68]. At a high level, Ye’s algorithm proceeds
as follows: given an initial long interval where the root /(1*) =1
lies, it is first partitioned into short intervals, such that if the root
A* is contained in any one of these short intervals which would be
found by binary search, then its lower endpoint satisfies Smale’s
criterion [55] using the structure of i and the narrowness of the
interval. Hence, subsequent Newton’s method applied to this in-
terval exhibits quadratic convergence. Since the total number of
the short intervals depends on the width of the initial long interval,
this gives a weakly polynomial algorithm that can solve a general
trust region problem to a high accuracy.
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To move toward a strongly polynomial algorithm for our (TR-2),
we take the initial long interval to be R.o. We now highlight our
procedure to shorten this infinitely long interval by making use
of fx which we identify as the ‘critical points’ of {. Assume that
A € [A7,A"] such that for each critical point, either f; < A~ or
Bi > A*. Then, (1) = p + q/A% on [A~, A*] for some p,q > 0.

We show that the critical points of ¢ coincide with the posi-
tive eigenvalues of an associated matrix, for which multiplicative
O(n2?")-approximations that suffice our purpose can be computed
in strongly polynomial time. Our algorithm first approximates two
adjacent critical points A; < Ay such that ¥(4;) > 1 = ¢(Ap). If
A2 /A1 is O(n2%") /poly(8) bounded, where the O(n22") factor takes
into account the approximation accuracy of the critical points from
the eigenvalue computation, then we apply binary search followed
by Newton’s method to find a value A with 1 < /(1) < 1+6. The use
of binary search is to provide a good initial guess for the subsequent
Newton’s method to ensure quadratic convergence. Otherwise, we
use the above structural property of / to narrow down the search
interval to Ay < A; < Ay < Ay with ¢/(4;) > 1 > ¢/(d3) and A5/,
is now poly(n/8) bounded. We then proceed with searching this
interval as in the previous case. We refer to the full version for all
these details.

4.2 Solving the ¢,-Trust Region Problem

We now turn to (TR-max). While for (TR-2), feasibility can be de-
cided exactly by computing a projection, in the f,-setting already
the feasibility question By = b, ||yr||« < 1 corresponds to a general
LP problem. We can however use the Robust IPM (Theorem 4.4)
for approximate feasibility: either conclude infeasibility, or find
ay € R" such that By = b, ||yl < 1+ 8 in n®*°M log(1/5)
time. Our main result in this context is that the same asymptotic
running time bound applies for solving (TR-max) in the sense of
Definition 1.7.

Similarly, for any fixed value A, we can either find a feasible
solution to

By =0, lyrlle <146, llyjllo < (1+ )2, (12)

in n®*( log(1/8) or show that By = b, [lyrlle < 1, [|lyslle < Ais
infeasible. Thus, finding a §-optimal solution to (TR-max) can be
reduced to a parametric search over the objective value A. Similarly
to the #,-case, the range of possible A values is weakly polynomial.
To remove the dependence on the bit-complexity of (B, b), we again
rely on an approximate singular value decomposition to narrow
down the range of the optimal A and exploit a simpler behavior
between two approximate singular values:

Let us briefly sketch the main ideas. A core object of interest is the
following linear function that maps v € R’ such that Byo € Im(By)
to the vector arg min, g1 448,=o |Wll. This is the lifting map L
that maps a vector in the J-coordinates to the ‘cheapest’ way to lift
it to a vector in ker(B). The singular values of this lifting map are
the critical values of interest.

Besides the critical values, we also require an approximate partial
singular value decomposition (see Definition 4.1) U such that ||Ux||
approximates ||Lx|| up to a multiplicative factor o = 20(").

Using binary search, we narrow the search interval to [A7, 1]
such that each critical value is either much smaller than A~ or much
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larger than A*, and A~ < A*, whereas for parameter A* and error
&/4 the approximate £-regression solver returns a feasible solution
7 to (12). If A* /A~ is polynomially bounded, the algorithm finds the
right A value using binary search.

If A~ < A*, then we can show that ker(B) = V- & V)+ for two
orthogonal subspaces V- and V)+ such that for all v € V- we have
that [loy ||, > A~ ||or]|; and for allo € Vy+ we have ||og|l < A*||or]]2.
Intuitively, the subspace V- corresponds to the ‘cheap’ part of
ker(B) that can be lifted with small ||ys||e cost, while the subspace
Vj+ corresponds to the ‘expensive’ part of ker(B) that can only
be lifted with large ||ys|| cost. The approximate singular value
decomposition allows us to find such a decomposition of ker(B) in
strongly polynomial time.

We can now remove the components of §j; in the coordinate
projection of V- onto J without increasing ||7s||c by much, while
potentially significantly reducing ||§;||«. On the other hand, we
cannot remove any directions of §j; in the coordinate projection
of V)+ onto J without increasing |||l by a large amount. Hence,
we can show that the optimal A* must be at least A/n, where A is
the value of ||y || after removing the components in V,-. We can
then apply binary search to find a §-optimal solution in the interval

[A/n, A].
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